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DERIVED LENGTH OF ZERO ENTROPY GROUPS ACTING ON PROJECTIVE
VARIETIES IN ARBITRARY CHARACTERISTIC–A REMARK TO A PAPER
OF DINH-OGUISO-ZHANG
SICHEN LI
ABSTRACT. Let X be a projective variety of dimension n ≥ 1 over an algebraically closed
field of arbitrary characteristic. We prove a Fujiki-Lieberman type theorem on the structure
of the automorphism group ofX . LetG be a group of zero entropy automorphisms ofX and
G0 the set of elements in G which are isotopic to the identity. We show that after replacing
G by a suitable finite-index subgroup, G/G0 is a unipotent group of the derived length at
most n − 1. This result was first proved by Dinh, Oguiso and Zhang for compact Kähler
manifolds.
1. INTRODUCTION
Let X be a projective variety of dimension n ≥ 1 over an algebraically closed field k of
arbitrary characteristic. It is well known that the automorphism group scheme AutX of a
projective variety X is locally of finite type over k and Aut(X) = AutX(k); in particular,
the reduced neutral component (Aut0X)red of AutX is a smooth algebraic group over k (cf.
[2, §7]). Denote (Aut0X)red(k) by Aut0(X). If G is a subgroup of Aut(X), define
G0 := G ∩Aut0(X).
Denote by NS(X) = Pic(X)/Pic0(X) the Néron-Severi group of X , i.e., the finitely gener-
ated abelian group of Cartier divisors on X modulo algebraic equivalence. For a field F =
Q,R or C, the F-vector space NSF(X) stands for NS(X) ⊗Z F; it is a finite-dimensional
F-vector space. Define the first dynamcial degree of an automorphism g ∈ Aut(X) as the
spectral radius of its natural action g∗ on NSR(X), i.e.,
d1(g) := ρ(g
∗|NSR(X)) := max
{
|λ| : λ is an eigenvalue of g∗|NSR(X)
}
.
We say that g is of positive entropy if d1(g) > 1, otherwise it is of zero entropy. We call G
of positive entropy, if every element of G\{id} is of positive entropy.
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For a subgroup G of the automorphism group Aut(X), we define the zero-entropy subset
of G as
N(G) :=
{
g ∈ G : g is of zero entropy, i.e., d1(g) = 1
}
.
We call G of zero entropy, if N(G) = G. For the study of dynamical degrees, we refer to [8,
§4] as a survey and [4, 20, 12] in arbitrary characteristic.
It is known that Aut(X) satisfies a Tits alternative and for solvable subgroups ofAut(X),
the positive entropy part has a "bounded" size. Precisely, the following result of the case
of compact Ka¨hler manifolds or complex projective varieties with mild singularities was
proved in [22, 3], and of the case of projective varieties in arbitrary characteristic was proved
in [12].
Theorem 1.1. Let X be a projective variety of dimension n ≥ 1 and G a subgroup of
Aut(X). Suppose that G does not contain any non-abelian free subgroup. Then there is
a finite-index subgroup G′ of G such that the quotient group G′/N(G′) is a free abelian of
rank r ≤ n − 1 − max{0, κ(X), κ(ωXv)}. Here, κ(X) and κ(ωXv) denote the Kodaira
dimension of X and the Kodaira-Iitaka dimension of normalizationXv of X .
For the definitions of κ(X) and κ(ωXv), we refer to [19, Appendiexs A and B] or [12,
§2.1.1]. When char k = 0, we know that κ(X) = κ(ωXv) = κ(X˜), where X˜ → X is a
projective resolution.
If X admits a group G such that the rank of G′/N(G′) is maximal, i.e., equal to n − 1,
we will say that X is a variety with maximal dynamical rank (MDR for short). Clearly, for
such a variety, we have κ(X) ≤ 0. We refer to [7, 23] for more properties of these varieties
over complex number field C. The problem of classifying variety with MDR is still open
when either char k > 0 or X is rational connected. In [11], the authors tried to characterize
the complex projective varieties of sub-maximal dynamical rank, i.e., equal to n− 2.
In the note, we will focus our study on the group N(G′) in the last statement. In order to
simplify the notation, we consider groups G such that every element of G is of zero entropy.
Now recall that for a group G and a non-negative integer l, the l-th derived series G(l) is
defined inductively by
G(0) := G and G(i+1) := [G(i), G(i)].
By definition, G(l) = {1} for some non-negative integer l exactly when G is solvable. We
call the minimum of such l the derived length of G (when G is solvable) and denote it by
ℓ(G).
A groupH is said to be unipotent if there is an injective homomorphism ρ : H → GL(N,R)
such that for every h ∈ H , the image ρ(h) is upper triangular with all entries on the diagonal
being 1. Note that unipotent groups are solvable. It is known that if a groupH is isomorphic
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to a subgroup of GL(N,R) whose elements have only eigenvalue 1, then H is unipotent,
see [13, §17.5]. Below is our first result which slightly extends [6, Theorem 1.2].
Theorem 1.2. Let X be a projective variety of dimension n ≥ 1 and G a subgroup of
Aut(X) such that every element of G is of zero entropy. Then
(1) G admits a finite-index subgroup G′ such that, for any 1 ≤ k ≤ n − 1, the natural
map G′/G′0 −→ G
′|Nk
R
(X) is an isomorphism with image a unipotent subgroup of
GL(Nk
R
(X)).
(2) For every finite-index subgroup G′ of G such that G′/G′0 is a unipotent group, the
derived length of G′/G′0 does not depend on the choice of G
′ and is at most equal to
n− 1.
Remark 1.3. (1) After replacing Hk,k(X,F), Ki(X), Kähler cone,etc as in [6] by N
k
F
(X),
Nef i(X), ample cone,etc respectively, this proof in Theorem 1.2 uses the same argument in
[6]. We will give a sketch of the proof in section 2. The main techniques used in this section
are a Fujiki-Lieberman type theorem (cf. Theorem 1.4 below) and a higher-dimensional
Hodge-index theorem forR-Cartier divisors (cf. [12, Proposition 2.9]).
(2) In [6], Dinh, Oguiso and Zhang further established that
ℓ(G′/G′0) ≤ n−max{κ(X), 1}
for a compact Ka¨hler manifoldX . It is hard to generalize this result in arbitrary characteris-
tic. Indeed, their argument essentially depends on the Deligne-Nakamura-Ueno theorem (cf.
[17, Corollary 2.4]), which is not known in positive characteristic, as far as we know.
Now let X be a complex normal projective variety and B a Cartier divisor on X . Denote
by Aut[B](X) := {g ∈ Aut(X)|g
∗[B] = [B]}. When X is smooth and B is ample, Fu-
jiki and Lieberman proved in [9, Theorem 4.8] and [14, Proposition 2.2] that [Aut[B](X) :
Aut0(X)] < ∞. Generally, let G be a subgroup of Aut(X), such that for any g ∈
G, g∗[Bg] = [Bg] for some big Cartier divisor Bg. Dinh, Hu and Zhang proved in [5, The-
orem 2.1] that G is virtually in Aut0(X), i.e., [G : G ∩ Aut0(X)] < ∞. After replacing
g∗[Bg] = [Bg] by g
∗Bg ≡w Bg for some big Weil R-divisor Bg, Meng and Zhang showed
in [15, Theorem 1.2] that G is virtually in Aut0(X), where "≡w" is the weak numerical
equivalence (cf. [15, Definition 2.2]). Using a Hilbert scheme argument, Meng and Zhang
proved in [16, Remark 2.6] that for an ample divisorH on a projective varietyX in arbitrary
characteristic, [Aut[H](X) : Aut0(X)] <∞.
In the note, we can further generalize [15, Theorem 1.2] to the following.
Theorem 1.4. Let X be a projective variety. Let G be a subgroup of Aut(X), such that for
any g ∈ G, g∗[Bg] = [Bg] for some big R-divisor Bg in N
1
R
(X). Then G is virtually in
Aut0(X), i.e., [G : G ∩ Aut0(X)] <∞.
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Notation and Terminology. We recall the definitions of Nk
R
(X) and Nefk(X) in [10].
Nk
Z
(X) (or Nk(X)Z) is the group of codimension (or dimension) k algebraic cycles on
X modulo numerical equivalence. We will use the vector spaces Nk
R
(X) := Nk
Z
(X) ⊗Z
R, Nk
C
(X) := Nk
Z
(X)⊗ZC andNk(X)R := Nk(X)Z⊗ZR. A k-cycleZ is effective, if all of
its defining coefficients are non-negative. The corresponding numerical class [Z] ∈ Nk(X)R
is called an effective numerical class. We denote by Effk(X) the closure of the convex cone
generated by all effective numerical classes in Nk(X)R. It is called the pseudo-effective
cone of Nk(X)R. The cone dual to Effk(X) in N
k
R
(X) is called the nef cone Nefk(X),
which is a salient closed convex cone of full dimension (i.e., it generates Nk
R
(X) as a vector
space). An element of Nefk(X) is called a nef class. In particular, Nef1(X) is the usual nef
cone Nef(X) consisting of all nefR-Cartier divisor classes.
Now let X and G be as in Theorem 1.2 and H a finite-index solvable subgroup of G. We
quote ℓess(G,X) and ℓmin(H) in [6, §1]. The essential length of the action of G on X is
defined by
ℓess(G,X) := ℓ(G
′/G′0).
Here, G′ is any finite-index subgroup of G such that G′/G′0 is a unipotent group. This
definition does not depend on the choice of G′, see [6, Lemma 2.7] or Lemma 2.1 below.
We also define
ℓmin(H) := min
H′
ℓ(H ′).
Here, H ′ runs through all finite-index solvable subgroups of H , see also Lemma 2.1.
When a group G acts on a space V , we denote by G|V the image of the canonical homo-
morphism G → Aut(V ). For instance, Aut(X)|Nk
R
(X) is the image of the canonical action
of the automorphism group Aut(X) on Nk
R
(X). For a normal subgroup G1 E G, we set
(G/G1)|V = (G|V )/(G1|V ). If L andM are two numerical classes, we denote by L ·M or
LM . We also identifyN0
R
(X) andNn
R
(X) withR in the canonical way. So classes in these
groups are identified to real numbers. For a linear map f : V → V , we denote by ||f || the
norm of f .
2. PROOF OF THEOREMS 1.2 AND 1.4
We first quote two lemmas in [6], which will be used in the proof of Theorem 1.2.
Lemma 2.1. (cf. [6, Lemma 2.7]) Let H be a unipotent group and let H ′ be a finite-index
subgroup of H . Then we have ℓ(H ′) = ℓ(H). In particular, we have ℓmin(H) = ℓ(H).
Lemma 2.2. (cf. [6, Lemma 2.1]) Let V be a real vector space of finite dimension. Let Γ
be a subgroup of GL(V ). Assume there is an integer N ≥ 1 such that gN is unipotent for
every g ∈ Γ, i.e., their eigenvalues are 1. Then there is a finite subgroup Γ′ of Γ which is a
unipotent subgroup of GL(V ).
To prove Theorem 1.4, we needs a crucial lemma in [15].
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Lemma 2.3. (cf. [15, Proposition 2.9]) Let f : V → V be an invertible linear map of a
positive dimensional real normed vector space V such that f±1(C) = (C) for a closed
convex cone C ⊆ V which spans V and contains no line. Let q be a positive number. Then
(1) and (2) below are equivalent.
(1) f(x) = qx for some x ∈ C◦ ( the interior part of C).
(2) There exists a constantN > 0, such that ||f
i||
qi
< N for any i ∈ Z.
If (1) or (2) above is true, then f is a diagonalizable linear map with all eigenvalues of
modulus q.
Proof of Theorem 1.4. Take an element g ∈ G. Then g∗[Bg] = [Bg] for some bigR-divisor
Bg as an interior point in the pseudo-effective cone of X . Note that the pseudo-effective
cone and nef cone of X are invariant by Aut(X). By Lemma 2.3, we get (2) in Lemma 2.3.
Applying Lemma 2.3 to the nef cone (= C) of X , we obtain (1) in Lemma 2.3. So there
is an ample R-divisor Hg such that g
∗[Hg] = [Hg] and g
∗ is a diagonalizable map with all
eigenvalues of modulus 1. By [15, Lemma 3.5], we may assume Hg is an ample Cartier
divisor. Take L := N1
Z
(X)/(torsion). Let D be a line bundle over X and consider the
polarization map
τD : Aut(X)→ Pic (X), g 7−→ g
∗(D)⊗D−1,
which takes the identity to the trivial bundle, and hence Aut0(X) to Pic
0(X). This yields
that Aut0(X)|L = {id}. Let r := rank(L). Notice that the characteristic polynomial
f(x) of g|L is a monic polynomial of degree r over Z whose all roots λ are all of modulus
1. By Gauss’s lemma, the minimal polynomial p(x) of λ has p(x)|f(x) in Z[x]. Then
p(x) is an irreducible monic polynomial over Z whose all roots have absolute value 1 and
deg(p(x)) ≤ r. Thus, all λ are all roots of unity by Kronecker’s Theorem. So there is a
minimal positive integer d such that λd = 1. This yields that p(x) is a cyclotomic polynomial
of degree ϕ(d) and ϕ(d) ≤ r. Here ϕ(d) := |Gal(Q(ζd)/Q)| is the Euler function. There
are finitely many d with ϕ(d) ≤ r. Let m be their product, which is independent of g.
Then every eigenvalue of gm|L is 1. Moreover, g
m|L = id since g|L is diagonalizable. Take
ρ : G→ GL(L⊗ZC), and ker ρ := G1. Now applying Burnside’s theorem toGL(L⊗ZC),
G|L is finite and [G : G1] < ∞. In particular, G1|L is trivial. This yields that G1 fixes any
ample class [H ] and then G1 ≤ Aut[H](X). Thus G1 (and hence G) is virtually in Aut0(X)
by [16, Remark 2.6]. This completes the proof of Theorem 1.4. 
The following lemma implies Theorem 1.2(1).
Lemma 2.4. (cf. [6, Lemma 2.8]) Let X be a projective variety of dimension n. Let G be a
subgroup of Aut(X) with only zero entropy elements. Then there is a finite-index subgroup
G′ of G satisfying the following properties for every 1 ≤ k ≤ n− 1.
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(1) The kernel of the canonical representation
ρk : G
′ −→ GL(Nk
R
(X))
is equal to G′0;
(2) The image of ρk is a unipotent subgroup of GL(N
k
R
(X)).
Proof. By Remark 1.3(1) and Theorem 1.4, the proof of Lemma 2.4(1) is the same as [6,
Lemma 2.8]. Here, we give another proof of Lemma 2.4(2), which is slightly different from
[6, Proof of Lemma 2.8(2)]. We define k-th dynamical degree (see eg. [12, §2.4]) by the
natural pullback g∗ on Nk
R
(X) for any integer 0 ≤ k ≤ n. Namely,
dk(g) := ρ
(
g∗|Nk
R
(X)
)
= max
{
|λ| : λ is an eigenvalue of g∗|Nk
R
(X)
}
.
Notice that d1(g) ≤ 1 since g is of zero entropy. By the log-concavity of dynamical degrees
(cf. [12, Corollary 2.11]), dk(g) ≤ d
k
1(g) for every k. This yields that dk(g) ≤ 1 for every
k. Let rk := rank(N
k
R
(X)). Notice that the characteristic polynomial fk(x) of g|Nk
R
(X) is
a monic polynomial of degree rk over Z. Hence, the product of all roots λk of fk(x) is an
integer. So all λk are algebraic integers of modulus 1 as dk(x) ≤ 1. By Gauss’s lemma,
the minimal polynomial pk(x) of λk has pk(x)|fk(x) in Z[x]. Then pk(x) is an irreducible
monic polynomial over Z whose all roots have absolute value 1 and deg(pk(x)) ≤ rk. Thus,
all λk are all roots of unity by Kronecker’s Theorem. So there is a minimal positive integer
d such that λdk = 1. This yields that pk(x) is a cyclotomic polynomial of degree ϕ(d) and
ϕ(d) ≤ rk. Here ϕ(d) := |Gal(Q(ζd)/Q)| is the Euler function. There are finitely many
d with ϕ(d) ≤ rk. Let mk be their product, which is independent of g. So (g
mk)|Nk
R
(X)
is unipotent. According to Lemma 2.2, replacing G by a finite-index subgroup, we have
that ρk(G) contains only unipotent elements of GL(N
k
R
(X)). This completes the proof of
Lemma 2.4(2). 
Let G ≤ Aut(X). We say that a rational map f : X 99K Y is G-equivariant or f -
equivariantly, if there is a group homomorphism ρ : G→ Aut(Y ) such that f ◦g = ρ(g)◦f
for all g ∈ G. In [6, Lemma 2.9], the authors obtained a G-equivariant resolution by using
a canonical resolution in [1, Theorem 13.2]. However, the existence of the resolution of
singularities is not known in positive characteristic to the best of our knowledge. Note that
the dynamical degrees in arbitrary characteristic is birational invariance (cf. [12, Lemma
2.8]). This motivates the following result, which allows us to work with suitable birationally
equivalent models.
Proposition 2.5. (cf. [6, Lemmas 2.9 and 2.10]) Let π : X1 99K X2 be a dominant rational
map between projective varieties of the same dimension. Let G be a group acting on both
X1 and X2 biregularly and π-equivariantly. Then the following statements hold.
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(1) There are a normal projective variety X˜1 and a birational morphism p1 : X˜1 → X1
such that π ◦ p1 : X˜1 → X2 is a G-equivairant surjective morphism. In particular,
p−11 ◦G ◦ p1 is a subgroup of Aut(X˜1) and is isomorphic to G.
(2) Suppose G|X1 (or equivalently G|X2) is of zero entropy. Then we have
ℓess(G|X1, X1) = ℓess(G|X2 , X2).
Further, replacingG by a finite-index subgroup, (G|X1)/(G|X1)0
∼= (G|X2)/(G|X2)0.
Remark 2.6. The proof of Proposition 2.5(1) is the same as [6, Proof of Lemma 2.9] without
using the canonical resolution in [1, Theorem 13.2]. After replacingH1,1(X,R) byN1
R
(X),
the proof of Proposition 2.5(2) is the same as [6, Lemma 2.10] by using [12, Lemma 2.8].
Chevalley’s theorem on algebraic groups asserts that every algebraic group over a perfect
field is ‘built up’ from a linear algebraic group and an abelian variety. By Chevalley’s
theorem and [21, Theorem 14.1], if a complex projective variety X is not uniruled, then
Aut0(X) is an abelian variety. This result is also known in positive characteristic as follows.
Lemma 2.7. (cf. [2, Proposition 7.1.4]) Let X be a projective normal variety which is not
uniruled. Then Aut0(X) is an abelian variety.
The following Proposition 2.8 implies Theorem 1.2(2) by Lemmas 2.1 and 2.4.
Proposition 2.8. Let X and G be as in Theorem 1.2. Then we have
ℓess(G,X) ≤ n− 1.
Remark 2.9. By Remark 1.3(1), the proof of Proposition 2.8 uses the same argument as [6,
Proposition 3.1].
Corollary 2.10. (cf. [6, Corollary 3.2 and Proposition 5.5]) Let X be a projective normal
variety of dimension n ≥ 1. Let G ≤ Aut(X) be a group of zero entropy automorphisms.
Suppose that Aut0(X) is commutative (for instance, this holds when X is not uniruled, see
Lemma 2.7). Then
(1) We have the following (in)equalities
ℓmin(G) ≤ ℓmin(G/G0) + 1 = ℓmin(G|N1
R
(X)) + 1 = ℓess(G,X) + 1 ≤ n.
(2) If ℓmin(G) = n, then we have
G0 6= {1} and ℓess(G,X) = n− 1.
Remark 2.11. After replacing H1,1(X,R) by N1
R
(X), the proof of Corollary 2.10 is the
same as [6, Corollary 3.2].
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3. ON THE NILPOTENCY CLASS OF ZERO ENTROPY GROUPS
For a group G and a non-negative integer c, the lower center series G(c) is defined induc-
tively by
G(0) := G and G(i+1) := [G(i), G].
By definition, G(c) = {1} for some non-negative integer c exactly when G is nilpotent. We
call the minimum of such c the nilpotency class of G (when G is nilpotent) and denote
it by c(G). A normal series G = G1 ⊲ G2 ⊲ · · · ⊲ Gn = 1 with each Gi E G and
Gi/Gi+1 ≤ Z(G/Gi+1) is a central series. It is well known that a group G is nilpotent if
and only if it has a central series G = G1 ⊲G2 ⊲ · · ·⊲Gn = 1.
Lemma 3.1. (cf. [18, Lemma 2.1]) Let V be a positive dimensional vector space and G a
nilpotent (or solvable) subgroup of GL(V ). Then:
(1) Any subgroup of G and any quotient group of G are nilpotent (or solvable).
(2) The Zariski closure G of G in GL(V ) is also nilpotent (or solvable).
Proof. When G is solvable, this lemma is [18, Lemma 2.1]. We only show (2) when G is
nilpotent. It suffices to check that [H,G] = [H,G] forH ≤ G. Note that [H,G] is closed in
G (see for instance [13, §17.2]). Thus [H,G] ⊂ [H,G].
Let us show the other inclusion. Take g ∈ G. Let us define the map θg by
αg : H → [H,G]; g 7→ f
−1g−1fg.
Clearly, αg is continuous and satisfies αg(H) ⊂ [H,G]. Thus, αg(H) ⊂ [H,G]. Hence,
[H,G] ⊂ [H,G]. Let f ∈ H . Let us define the map βf by
βf : G→ G; g 7→ f
−1g−1fg.
Clearly, βf is continuous and satisfies βf(G) ⊂ [H,G]. Since [H,G] ⊂ [H,G], we have
βf(G) ⊂ [H,G] as well. Thus, βf (G) ⊂ [H,G] and hence [H,G] ⊂ [H,G]. 
Remark 3.2. In the proof of Proposition 2.8, the derived series of zero entropy groups follows
from the abelian quotient groups Hi+1/Hi as in [6]. Note that some lemmas in the proof of
Proposition 2.8 are also true after replacing the derived series by the lower center series. For
instance, c(G′/G′0) does not depend on the choice ofG
′, whereG′ is a finite-index subgroup
of G as in Theorem 1.2 such that G′/G′0 is a unipotent group. Using Lemma 3.1, this proof
is similar as Lemma 2.1. Observe that it is hard to figure out a crucial result (which is similar
to [6, Proposition 2.6]) for constructing a central seriesGi such thatGi/Gi+1 ≤ Z(G/Gi+1).
These raise the following question.
Question 3.3. Let X be a projective variety of dimension n ≥ 1 and G a subgroup of
Aut(X) such that all elements of G have zero entropy. Let G′ be a finite-index subgroup of
G such that G′/G′0 is a unipotent group. Is there a nonnegative integer c such that c(G
′/G′0)
is at most equal to c? Moreover, is c = n− 1 right?
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For Question 3.3, we note the following result, which is noticed by Fei Hu.
Proposition 3.4. Let G be a nilpotent group. Then G is solvable, and we have:
ℓ(G) ≤ log2 c(G) + 1.
Proof. It suffices to show that ℓ(G) ≤ log2 c(G) + 1 by induction on the nilpotency class.
Note that this statement is true when c(G) = 1 or c(G) = 2. Let k be the smallest positive
integer than or equal to (c(G)+1)/2. In other words, either k = (c(G)+1)/2 or k = c(G)+1,
depending on the parity of c(G). Then G(k) is an abelian group, and G/G(k) is a group of
nilpotency class k − 1, which is at most c(G)/2. By the induction hypothesis, we have:
ℓ(G/G(k)) ≤ log2(k) + 1 ≤ log2(c(G)/2) + 1 = log2 c(G).
ThusG has an abelian normal subgroup such that the derived length of the quotient group is
at most log2 c(G). This yields that ℓ(G) ≤ log2 c(G) + 1. 
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